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Effective Knudsen diffusion coefficients are presented for fibrous structures con- 
sisting ofparallel, nonoverlapping orpartially overlapping fibers. They are computed 
by means of a Monte Carlo simulation scheme which is employed to determine the 
mean square displacement of molecules travelling in the interior of the porous 
medium for  large travel times. The results show that structures of parallel, non- 
overlapping fibers have smaller effective diffusion coefficients parallel to the fibers 
than structures of parallel, randomly overlapping fibers of the same porosity and 
fiber radius, but larger in directions perpendicular to the fibers. Partially overlapping 
fiber structures are found to exhibit behavior intermediate to those of the two extreme 
cases. Molecular trajectory computations are also used to obtain results for the 
structural properties of partially overlapping fiber structures ( e.g., porosity and 
internal surface area, accessible porosity and internal surface area, and percolation 
threshold), which are compared with some results of the literature for  the equivalent 
problem of partially overlapping disks on a plane. 

Introduction 
In a previous study (Tomadakis and Sotirchos, 1991), we 

investigated the problem of Knudsen diffusion in porous media 
whose structure can be represented by populations of randomly 
overlapping fibers of various orientation distributions. The 
axes of the fibers were randomly distributed in two or three 
directions, i.e., parallel to a plane or in the three-dimensional 
space without preferred orientation (d-directional (d= 2 or 3), 
random fiber structures), or grouped into d ( d =  1, 2 ,  or 3) 
mutually perpendicular bundles of parallel, randomly over- 
lapping fibers (d-directional, parallel fiber structures). Effec- 
tive Knudsen diffusivities were estimated by introducing test 
molecules at random positions in a finite sample (unit cell) of 
the porous medium and computing their mean square dis- 
placement for large travel times, as they travelled independ- 
ently in the pore space. Using a method proposed by Burganos 
and Sotirchos (1989c), the computed molecular trajectories 
were also used to determine the porosity, internal surface area, 
and accessibility characteristics of the fiber structures. 

The results of our previous study led to some very interesting 
conclusions about the effects of the orientational distribution 
of the fibers on the effective diffusivity and the accessibility 
of the fibrous beds. It was found, for example, that the ef- 
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fective Knudsen diffusivity depended strongly on the distri- 
bution of the orientation of the fibers at low and intermediate 
porosity values, but it was independent of the orientation of 
the fibers in two or three directions, that is, on whether they 
were randomly distributed or grouped into two or three bundles 
of parallel fibers. The percolation threshold, i.e., the porosity 
below which the void space forms only finite regions and mass 
transport cannot take place, decreased with increasing direc- 
tionality-while the effective diffusivity increased-from about 
0.33 for unidirectional fibers (for diffusion perpendicularly to 
the fibers) to 0.11 for bidirectional structures and 0.04 for 
tridirectional structures. This result is of considerable impor- 
tance for practical applications since it suggests that it may be 
advantageous to use three-dimensional random or woven struc- 
tures instead of cloth layups or unidirectional fibers as pre- 
forms in practical applications, such as the fabrication of ce- 
ramic matrix composites by chemical vapor infiltration. 

The fibrous beds that are used in the fabrication of fiber- 
reinforced ceramic matrix composites and in other applications 
usually consist of initially nonoverlapping fibers. In the case 
of densification by deposition of solid material (e.g., by chem- 
ical vapor infiltration), the initially nonoverlapping fibers grow 
into each other as densification proceeds, and a structure of 
partially overlapping fibers results. The initial porosities of the 
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fibrous structures that are used for reinforcement of ceramic 
composites produced by chemical vapor infiltration vary in 
the relatively broad range [0.4, 0.851 (Caputo et al., 1985; 
Naslain et al., 1989). At high porosities, the solid phase that 
belongs to more than one fibers (that is, the overlapping vol- 
ume) in a structure of randomly overlapping fibers in a small 
fraction of the total solid phase. (For example, if the fibers 
of a randomly overlapping structure with 80% porosity did 
not overlap, the porosity would be 77.7%.) One could, there- 
fore, argue that our old results for randomly overlapping fi- 
bers, such as the variation of the effective diffusivity with the 
extent of densification, will still be applicable to structures 
resulting from densification of fibrous beds of high initial 
porosity. 

The fiber overlapping volume in a structure of randomly 
positioned fibers becomes a significant fraction of the total 
solid volume at intermediate and low porosity values. It is thus 
necessary to address the effects of the initial nonoverlapping 
positioning of the fibers on the evolution of the structural and 
transport properties of beds of low or intermediate initial po- 
rosity. Among the simplest structures of initially nonoverlap- 
ping fibers that one can consider is that of unidirectional 
(parallel) nonoverlapping fibers, positioned in space through 
some randomizing process. Such a structure is representative, 
in almost every important detail, of preforms of unidirectional 
fibers used for reinforcement of ceramic materials (Meyers and 
Chawla, 1984; Hopkins and Chin, 1986). Densification of these 
porous media through a solid deposition process gives rise to 
a partially overlapping fiber structure that can be viewed as 
consisting of randomly positioned parallel cylinders having a 
cylindrical hard core of radius equal to that of the fibers of 
the initial structure. 

Past studies on structures of unidirectional, partially over- 
lapping fibers have mainly concentrated on locating their per- 
colation threshold, that is, the porosity or fiber growth level 
(ratio of fiber radius to hard core radius) below which flow 
cannot take place in the interior of these porous media per- 
pendicularly to the fibers (Pike and Seager, 1974; Bug et al., 
1985; Odagaki and Lax, 1987; Lee and Torquato, 1988b). A 
few studies have also looked at the variation of the porosity 
and internal surface area of these structures with the hard core 
porosity and fiber to hard core radius ratio (Rikvold and Stell, 
1985a,b; Lee and Torquato, 1988a; Smith and Torquato, 1988). 
In most cases, the problem has been studied in the context of 
the equivalent two-dimensional problem of partially penetrable 
(overlapping) disks on a plane. However, there has been no 
work done in the literature on the variation of the effective 
diffusivity and of the accessibility characteristics of the pore 
structure of these media with their structural parameters, de- 
spite the fact that these quantities play a much more important 
role in mass transport applications. 

A detailed investigation of the dependence of the Knudsen 
effective diffusivity, structural properties (porosity and surface 
area), and accessibility characteristics of structures of unidi- 
rectional fibers of uniform size on the extent of overlapping 
and hard core porosity is presented in this research paper. 
Computation of these quantities is accomplished using the 
simulation methods employed in our previous study. Since past 
studies of the percolation behavior of partially overlapping 
disks or fibers have covered only part of the hard core porosity 
range, and the percolation threshold is among the most im- 

portant parameters of an evolving porous structure in a mass 
transport process, we also present a detailed picture of the 
percolation behavior of unidirectional fiber structures, ob- 
tained using both the molecular trajectory computations and 
a cluster identification scheme. 

Construction of Fibrous Structures and Compu- 
tation of Effective Knudsen Diffusivities 

A scheme based on the Metropolis Monte Carlo method 
(Metropolis et al., 1953) is used for the construction of finite 
samples of porous structures consisting of unidirectional, non- 
overlapping fibers of uniform size. The fiber<. are initially 
positioned in the cubic unit cell in such a way t'hat the traces 
of the axes of the fibers on the two faces of the cell that are 
perpendicular to their direction are located at the sites of a 
regular triangular lattice. Random structures of nonoverlap- 
ping fibers are obtained through random sequential moves of 
the fibers from their initial positions. The trace of the axis of 
a fiber is randomly displaced to a new position uithin a square 
of side h, centered at the previous position of the fiber with 
its sides parallel to the sides of the unit cell. The new position 
of the fiber is accepted if the fiber does not overlap with any 
of the other fibers of the structure. Otherwise, the fiber is left 
at its previous position, and the process continues with the 
next fiber. About 500 cycles of fiber moves (during a cycle all 
fibers are moved or an attempt is made to mo\e them from 
their previous positions) had to be carried out for the results 
reported in this study before the resulting random structure 
could be considered to have reached an equilibrium configu- 
ration, away from the initial regular arrangemenr of the fibers. 
The side of the square defining the maximum displacement of 
each fiber, h, was taken equal to the shortest distance between 
adjacent fibers at the regular triangular spacing 

Periodic boundary conditions are applied in the construction 
of the unit cell, that is, the distribution of fibers in the unit 
cell is repeated in all other cells. In this way, a structure span- 
ning the whole space in directions perpendicular to the fibers 
is generated. The assumption of a periodic unit cell greatly 
facilitates the construction of the random fiber structure using 
the Metropolis Monte Carlo scheme since fibers displaced into 
neighboring cells during the sequential moves process are sim- 
ply reintroduced into the reference unit cell at the same relative 
position. A periodic, unidirectional structure of uniformly- 
sized, nonoverlapping fibers constructed by means by the above 
procedure is shown in Figure 1A. A structure of randomly 
(freely) overlapping fibers of the same porositj is shown in 
Figure 1B. Each figure presents a section of a unit cell with a 
plane perpendicular to the fibers for 45% porosity and unit 
cell side to fiber radius ratio equal to 18. For fibers of 1 pm 
in radius, Figure 1A or Figure 1B would depict an 18 p m x  18 
pm micrograph of the fiber structure. 

Nonoverlapping fiber structures cannot exist below the po- 
rosity that corresponds to a regular triangular array of closely 
packed fibers, which, as it is well known, is given by 
E , , ~  = 1 -&n/6 = 0.093100. . . . Another close packing model 
of unidirectional fibers or disks in two dimensions is that of 
random close packing, which can be thought of as the densest 
structure that can be obtained by shaking a container full of 
parallel, cylindrical rods. By defining the random close packing 
as the minimum porosity packing that contains no statistically 
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Figure 1. Cross sections of unit cells of structures of 
(A) nonoverlapping and (B) freely overlapping 
fibers, each having 45% porosity. 

significant short- or long-range order, Berryman (1983) arrived 
at an estimate of the random close packing porosity, ercp, of 
0.18 i=0.02. The state of random close packing does not appear 
to be stable in two dimensions, in contrast to that for spheres 
in three dimensions, and the experimental estimates of fall 
in the rather wide range 0.11-0.18. Our computations will cover 
the whole range of feasible hard-core porosities (i.e., [Eocp, l]), 
but it must be kept in mind that for applications, hard core 
porosities below E , ~  may not be attainable for randomly packed 
fiber structures. 

Partially overlapping fiber structures are obtained from non- 
overlapping fiber structures, such as that shown in Figure lA, 
by increasing the fiber size by a certain amount. A partially 
overlapping fiber structure resulting from the structure of Fig- 
ure 1A after the fibers have been allowed to grow by 25% is 
shown in Figure 2. For a structure undergoing densification, 
by chemical vapor infiltration for example, the rings added 
around the fibers of the original nonoverlapping fiber struc- 
ture, displayed using solid black pattern, correspond to the 
material deposited within the preform during the process. It 
is interesting to point out that the structure of Figure 2 is 
qualitatively similar to micrographs of partially densified struc- 
tures reported in the literature (e.g., Hopkins and Chin, 1986). 
While nonoverlapping or freely overlapping fiber structures 
can uniquely be identified by their porosity and fiber radius, 

Figure 2. Cross section of a unit cell of the partially- 
overlapping fiber structure obtained from the 
structure of Figure 1A when the fiber radius 
is increased by 25%. 
t =0.21 

structures of partially overlapping fibers need for their unique 
identification the porosity of the nonoverlapping fiber struc- 
ture from which they were obtained or, equivalently, the radius 
of the hard core of the fibers as well. 

It must be mentioned that unit cells of structures of non- 
overlapping fibers can also be constructed by randomly intro- 
ducing the fibers in the cell one by one, through random 
selection of the coordinates of the trace of their axes, and 
rejecting those that happen to overlap with fibers already placed 
in the cell. The random sequential addition scheme can be 
implemented on the computer more easily than the scheme 
based on the Metropolis Monte Carlo method, and it has been 
employed in a number of studies dealing with the two-dimen- 
sional site percolation problem. This scheme, as our compu- 
tations also showed, suffers from the serious drawback of not 
being capable of producing nonoverlapping structures for po- 
rosities less than about 45%. Pike and Seager (1974) used this 
simple construction scheme to produce the unit cells used in 
their percolation study of partially overlapping disks on a 
plane, but, of course, no results were reported for hard-core 
porosities lower that 0.50. The technique was also used by 
Smith and Torquato (1988), who also reported a minimum 
achievable porosity of about 45%. The fiber structures ob- 
tained through random sequential addition are fundamentally 
different, in terms of the radial distribution functions, for 
instance (Widom, 1966), from those resulting through the Me- 
tropolis Monte Carlo scheme. Nevertheless, a few test calcu- 
lations showed that the effective diffusivities and structural 
properties of these structures are, within the statistical error 
of our computations, practically the same. Similar conclusions 
were reached by Smith and Torquato from their two-point 
matrix probability function computations. 

Because of the geometrical simplicity of the structures of 
nonoverlapping fibers, expressions for the dependence of their 
porosity, E ,  and internal surface per unit volume, S, on the 
fiber radius can be obtained in a straightforward fashion. For 
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an n-modal, discrete distribution of fiber size, we have 

n n 

I =  I i= 1 

with I, being the length of fibers of size r, per unit volume or 
the number of traces of axes of fibers of size r, per unit of 
area on a cross section of the structure. For a unimodal struc- 
ture, like those considered in this study, the above expressions 
are simplified to  

Using Eqs. 2, the expressions for the dimensionless surface 
area of the porous medium, Sr, and the dimensionless mean 
intercept length, a/r=  4 d ( S r ) ,  are found to  be 

For freely overlapping structures, the expressions correspond- 
ing to Eqs. 2 and 3 have the form (Tomadakis and Sotirchos, 
1991) 

B : Nonoverlapping 

0 0.2 0.4 0.6 0.8 1 

POROSITY, E 

Figure 3. Effective Knudsen diffusivities in directions 
parallel (&Iez) and perpendicular (Dex or Dey) to 
the fiber axes. 
D ( r )  = ( 2 / 3 ) r E .  

- 
Sr = - 2 ~ l n ~ ;  d / r  = - 2/lnt (5a,b) 

Exact closed-form expressions, like Eqs. 2-5, are not available 
for the structural properties of partially overlapping fibers, 
but Rikvold and Stell (1985a,b) used the scaled-particle theory 
of Reiss, Frisch, and Lebowitz (1959) to  develop approximating 
expressions which will be presented later during discussion of 
our results for the structural properties of the fiber structures 
considered in our study. 

Orientationally averaged effective diffusivities are computed 
using the mean square displacement, ( t 2 > ,  of molecules trav- 
elling in the void space of the porous medium, while the com- 
putation of effective diffusivities in a given direction is based 
on the mean square component of the displacement in that 
direction. We use the formulas 

Equations 6a and 6b must be used for relatively large values 
of travel time, 7, that is after the molecules have had the 
opportunity to adequately sample the void space of the me- 
dium. The computation of the mean square displacement is 
accomplished by following the trajectories of a large number 
of molecules, introduced randomly and travelling independ- 
ently in the unit cell. The procedure used for computing the 
trajectories of molecules undergoing Knudsen diffusion in a 
porous, capillary or fibrous, structure has been described in 
detail in previous publications (Burganos and Sotirchos, 1989a; 
Tomadakis and Sotirchos, 1991). In these articles, information 
is also given on how the results of the trajectory computations 
may be used to  determine the porosity, internal surface area, 
accessible porosity, and accessible internal surface area of the 
fibrous structures. 
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Results and Discussion 
Effective Knudsen diffusivities and tortuosity factors 

Our computer simulation results for the effective Knudsen 
diffusivities in directions parallel (DeJ and perpendicular 
(Decx to the fibers of unidirectional, unimodal fiber struc- 
tures are shown in Figure 3. The fibers are allowed to  be 
non-, partially, or freely overlapping. The last type of unidi- 
rectional fiber structures were studied in detail previously (To- 
madakis and Sotirchos, 1991), and the corresponding 
diffusivities are shown here for comparison ar th  those for 
partially overlapping fibers. As in our past studies, the effective 
diffusivities reported in Figure 3 and all other figures have 
been rendered dimensionless and independent of the fiber size 
using as a reference value the Knudsen diffusivity in a cylin- 
drical pore of radius equal to the fiber radius, D ( r )  =(2/3)rV. 
As the results of Figure 3 show, fibrous structuies consisting 
of nonoverlapping fibers are characterized by lower diffusiv- 
ities parallel to  the fibers but higher in direction perpendicular 
to  them than structures of freely overlapping fibers of the same 
fiber radius and porosity. As the porosity increases, however, 
the extent of fiber overlapping for the case of freely overlapping 
(fully penetrable) fibers decreases, and as a result, the effective 
diffusivities for the two cases get closer to each other and 
eventually coincide as the porosity approaches unity. The ef- 
fective diffusion coefficient in directions perpendicular to the 
fibers becomes zero at  porosity equal t o  0.093 1. the porosity 
of a triangular array of closely packed solid cylinders, for 
structures of nonoverlapping fibers, while, as Figure 3 indicates 
and as we have seen in our previous study, it becomes zero at 
a much higher porosity ( -  0.33) for freely overlapping fibers. 

The different effect of fiber overlapping on the effective 
diffusivities in directions parallel and perpendicular to  the fi- 
bers can be explained by considering the expressions for the 
dimensionless mean intercept length of structures of nonov- 
erlapping and freely overlapping fiber structures presented in 
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the previous section (Eqs. 3b and 5b). A comparison of Eqs. 
3b and 5b reveals that the dimensionless mean intercept length 
of nonoverlapping structures is smaller at all porosities than 
that of structures of freely overlapping fibers. Therefore, for 
the same travel distance or, equivalently, the same travel time, 
molecules travelling in a nonoverlapping fiber structure 
undergo, on the average, more collisions with the pore walls 
than molecules travelling in a bed of fully penetrable fibers of 
the same porosity, and consequently their mean square dis- 
placement and, hence, their orientationally averaged effective 
diffusion coefficients (see Eq. 6a) are smaller. This relationship 
also holds for the effective diffusivities parallel to  the fibers 
since they are much larger than those in the other directions 
(see Figure 3). The effective diffusivities in directions perpen- 
dicular to the fibers behave differently because they are influ- 
enced more by the accessibility of the structure in these 
directions than by the frequency of molecule-wall collisions. 
Placing the fibers in a nonoverlapping arrangement creates 
more openings for mass transport perpendicularly to the fibers, 
and this leads to an increase in the value of the corresponding 
effective diffusivity. 

Figure 3 also presents effective diffusivity results for partially 
overlapping structures. It was pointed out in the previous sec- 
tion that in addition to the porosity and fiber radius, partially 
overlapping fiber structures require for their unique identifi- 
cation the porosity of the nonoverlapping structure from which 
they were obtained, that is, their hard-core porosity. Curves 
for three different values of initial or hard-core porosity, e0, 
are shown in Figure 3. If the partially overlapping fiber struc- 
tures of the figure had been obtained through a densification 
process, would correspond to  the initial porosity of the 
fibrous preform. Thus, notice that the curves for the partially 
hoverlapping structures start on the corresponding curve for 
nonoverlapping fibers at the hard-core porosity. The results 
of Figure 3 indicate that partially overlapping fiber structures 
exhibit behavior intermediate to  that of the two extreme cases. 
The higher the starting porosity ( E ~ ) ,  the closer the effective 
diffusivity curves are to  those for freely overlapping fibers. 
The percolation threshold of a partially overlapping fiber struc- 
ture lies between those for non- and freely overlapping fibers, 
that is, in the range [0.0931,0.33], starting from 0.33 for initial 
porosities close to  unity and approaching the porosity of a 
closely packed triangular array of cylinders (0.093 1) as the 
initial porosity gets close to  this value. [For porosities below 
the percolation threshold, no infinitely large subset of the void 
space that spans the porous medium perpendicularly to  the 
fibers is present, and consequently, the corresponding effective 
diffusivities (De(xoryJ  are zero.] As we will see later, the per- 
colation thresholds of Figure 3 are in agreement with those 
obtained using a fiber cluster identification method. 

The data points shown in Figure 3 and all other figures 
represent simulation results for different random realizations 
of the fiber structures with each point representing the result 
from a single realization. Therefore, information on the sta- 
tistical errors involved in our simulation may be obtained by 
direct inspection of the figures. The porosity of the fiber struc- 
tures was varied by changing the fiber radius to  unit cell side 
ratio, r/a,  keeping the population of the fibers constant. The 
majority of the results reported here was obtained using 224 
fibers per unit cell. Test runs using other fiber densities were 
carried to  investigate the sensitivity of the results to  this pa- 
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Figure 4. Effective Knudsen diffusivities parallel to the 
fibers (&) obtained using Kennard's (1938) 
expression for nonreentrant tubes (Eq. 7). 
D ( r )  = (2/3)rZ.  

rameter. The porosity of the structures and the starting porosity 
for partially overlapping fibers proved to  be the only param- 
eters that systematically influenced the predicted effective dif- 
fusivities. 

More results for the effective diffusion coefficients are shown 
in Figure 4 for diffusion parallel to the fibers. These results 
were obtained using an expression by Kennard (1938) for dif- 
fusion in tubes of nonreentrant shape, i.e., with walls parallel 
to the direction of diffusion. According to this expression, 

sdq5dA 
Der 3 

(7) 

For our problem, A is the cross-sectional area of the unit cell 
and s is the distance from the area element dA to  the walls of 
the fiber structure on the plane of the cross section at an angle 
4 with respect to  some reference line. A Monte Carlo simu- 
lation scheme was used to compute the double integral of Eq. 
7 (Burganos and Sotirchos, 1988). The diffusion coefficients 
obtained through Eq. 7 are in excellent agreement with these 
of the mean square displacement method, as one can readily 
see by comparing Figures 3 and 4. 

It was pointed out during the introduction of Eqs. 6a and 
6b that the effective diffusivity in the mean square displacement 
method should be obtained from the slope of the ( E 2 >  or 
(&,, or z >  vs. travel time curve for large values of travel time, 
that is, after a linear relationship between mean square dis- 
placement and travel time has been established. Burganos and 
Sotirchos (1989a) examined the effect of travel time on the 
computation of effective diffusivities in pore structures of 
overlapping capillaries. They found that a travel distance of 
the order of 150rwas large enough to give the correct diffusivity 
for 94% porosity, while the required minimum travel distance 
was reduced to  lOOr at E = 0.83 and 80r at E = 0.50. (The travel 
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10 4 ~ 0 . 9 3  

Figure 5. Dependence of computed effective diffusivi- 
ties (D,,,,,,) from the mean square displace- 
ment equation (Eq. 6b) in nonoverlapping 
fibers on the dimensionless travel distance of 
the molecules. 
D ( r )  = (?./3)rZ. 

distance, s, is defined as the product of the thermal speed of 
the molecules and the travel time, i.e., s =UT.) An investigation 
of the effects of travel distance on the computed effective 
diffusivities was also carried out in this study for the beds of 
nonoverlapping fibers, and the results obtained are shown in 
Figure 5 .  The effective diffusivities shown in the figure were 
obtained by simply dividing the mean square displacement by 
27, that is, without taking the slope of the ((:or ,,> vs. 7 curve. 
The results of Figure 5 indicate that the minimum travel dis- 
tance increases with increasing porosity and are thus in relative 
agreement with those of Burganos and Sotirchos (1989a). The 
minimum travel distance at a given porosity tends, in general, 
to be higher for fibers, indicating that molecules travelling in 
fibrous structures need more time to adequately sample the 
void space, especially at high porosities. 

It should be pointed out that the above values of travel 
distance suffice for the computation of the effective diffusivity 
in the absence of inaccessible regions of void space for diffusion 
perpendicularly to the fibers. When such regions are present, 
in partially or freely overlapping fiber structures, travel dis- 
tances of the order of 104r to 105r may have to be used in order 
to be able to distinguish between permanently and temporarily 
trapped molecules in the pore space. 

The effective diffusivity data of Figures 3 and 4 can be 
expressed in terms of a tortuosity factor by using the Knudsen 
diffusivity based on the average radius i-= &2 as reference, 
that is by writing 

with d/r given by Eqs. 3b and 5b for nonoverlapping and 
freely overlapping fibers, respectively. The dimensionless mean 
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Figure 6. Variation of the tortuosity factor with respect 
to the Knudsen diffusivity based on T=2& 
with the porosity for effective diffusivity re. 
sults of Figure 3. 
The dashed curves are predicted by the correlations given by Eqs. 
9-11. 

intercept length that was obtained from the results of our 
molecular trajectory computations was used in Eq. 8b to de- 
termine the tortuosity factors. The computed tortuosity factors 
are plotted in Figure 6 as functions of the total porosity. The 
tortuosity factors for diffusion perpendicularly to the fibers 
increase with decreasing porosity and become infinitely large 
as the percolation threshold is approached. In the vicinity of 
100% porosity, the tortuosity factors for all cases approach 
the lower bound (7 = 1.747) that was derived by Faley and 
Strieder (1987) for diffusion perpendicularly to freely over- 
lapping fibers. The tortuosity factor for diffusion parallel to 
the direction of the fibers was found to exhibit weak depend- 
ence on the porosity and the extent of fiber overlapping. For 
the 75 realizations of non- and partially overlapping fibers 
shown in the figure, it had an average value of 0.547, which 
is almost identical to that estimated in our previous study 
(Tomadakis and Sotirchos, 1991) for freely overlapping fibers 
(7 = 0.549). 

In order to facilitate use of our diffusivity results by people 
working on problems involving transport in fibrous beds, we 
developed in our work on the diffusivities of freely overlapping 
fibers (Tomadakis and Sotirchos, 1991), a one parameter-cor- 
relation that could be used to relate the various tortuosity 
factors to the porosity of the medium. A similar expression 
of the form 

(9) 

was used here to correlate the tortuosity factor (for diffusion 
perpendicularly to the fibers) vs. porosity results of Figure 6. 
E~ is the hard-core porosity of the fibers, i.e., the porosity at 
the point where the tortuosity factor curves for partially over- 
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lapping structures leave the curve for nonoverlapping fibers, 
q(cO) is the corresponding tortuosity factor, and E, is the per- 
colation threshold. The dependence of on c0 is given in Figure 
11, which is discussed in the following section. a was deter- 
mined for each case through nonlinear regression on the data 
of Figure 6 .  We found that a and ep could be correlated by 
the linear expression 

a = 2.28~,+ 0.35 (10) 

with 99.93% correlation coefficient. The results for the tor- 
tuosity factor of nonoverlapping fibers were correlated for 
E 2 0.18 by the exponential expression 

q = 1.747exp[1.4(1- E ) ]  (1 1) 

The data for lower porosities were approximated by Eq. 9 with 
e0 = 0.18, E, = 0.0931 and a = 0.72. The results predicted by Eqs. 
9-1 1 for all cases considered in Figure 6 are shown by dashed 
curves. Notice that for e0 = 1 and q(eO) = 1.747 (Faley and Stried- 
er's variational bound), Eqs. 9 and 10 yield the correlation 
presented in our previous article (Tomadakis and Sotirchos, 
1991) for freely overlapping fibers. 

Results for  the structural properties 
On the basis of the scaled-particle theory of hard sphere 

fluids of Reiss et al. (1959) and its extension to lower dimen- 
sions, Rikvold and Stell (1985a,b) derived approximate expres- 
sions for the porosity and surface area of porous structures 
consisting of partially overlapping (penetrable) spheres or un- 
idirectional cylinders. For the case of unidirectional cylinders, 
their expressions, written in the notation employed in this 
study, have the form 

S r = 2 d ( l -  l/Eo)($.- 1) 

6 is the fiber growth variable, i.e., the ratio of the fiber radius 
to the hard-core radius (6 = r/ro). Equations 12 and 13 may be 
used to obtain the following approximation for the mean in- 
tercept length of partially overlapping fiber structures: 

- 1  2 4 E  
;-sr=2[6(l-;) ($.-1)] (14) 

For the case of nonoverlapping fiber structures (6 = 1 and E = e0), 
Eqs. 13 and 14 are simplified to Eqs. 3a and 3b, while for 
freely overlapping fibers (6- m and eO- l), Eqs. 12-14 become 
indeterminate. 

The predictions of Eq. 12 are compared with results obtained 
in this study in Figure 7. The porosity of a realization of a 
partially overlapping fiber structure was computed by intro- 
ducing lo5 molecules randomly into the unit cell and deter- 
mining the fraction of the molecules that were found to lie in 
the void space. The porosity vs. fiber growth data of Figure 
7 for different hard-core porosities (open circle points)-the 
hard-core porosity is the total porosity for 6 = 1-were obtained 

1 ,  1 

00 : Our Results 
-: Rikvold and Stell 

0.8 

1 2 3 4 5 

FIBER GROWTH VARIABLE, 6 
Figure 7. Comparison of computed porosities with those 

predicted by the scaled-particle approximation 
(Eq. 12). 
The hard-core porosity for each curve is the porosity for 6 =  1. 

as the average of the porosities of 30 different realizations of 
the same hard-core porosity and fiber growth. The Monte 
Carlo simulation scheme discussed in the previous section was 
used to construct the unit cells (224 fibers per cell) employed 
in the porosity computations. The first realization of each set 
was constructed after 500 cycles of fiber moves, while 50 cycles 
were used to obtain each of the subsequent realizations. 

The porosity of structures consisting of nonoverlapping fi- 
bers is exactly known, and consequently, the simulation results 
for these structures were used to assess the accuracy and re- 
peatability of the method used for the computation of the 
porosity. It was found that the estimated hard-core porosity 
differed by less than 0.2% from the exact value for porosities 
in the range [0.1, 0.951, with the largest deviations occurring 
in the low porosity region. The absolute standard deviation of 
the hard-core porosity for the 30 realizations employed in the 
computations varied insignificantly with the porosity, having 
an average value of 0.0012 for porosities in the above range. 
The absolute standard deviations for the porosities of partially 
overlapping fiber structures were comparable to those for the 
hard-core porosity (i.e., the porosity of nonoverlapping fibers) 
even though in this case different realizations of the same fiber 
density could have different porosities. Only for large values 
of the fiber growth variable (6 > 2), the computed standard 
deviations were markedly larger than those for nonoverlapping 
fibers. The relative standard deviation increased significantly 
with decreasing porosity, that is, with increasing fiber growth 
and decreasing hard-core porosity. For example, at c0 = 0.4, 
the relative standard deviation increased from 0.37% for 6 =  1 
( E  = E ~ )  to 19.7% for 6 = 1.7 ( E  = 0.0066). The weak dependence 
of the computed porosity on the realization is also evident 
from the data points represented using diamonds in Figure 7, 
which give the porosities for the realizations that were used to 
obtain the effective diffusivity results of Figure 3 for e0= 0.50. 
Notice that each of these points was computed from a single 
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realization and that only 500/~ test molecules were used for 
the computation. 

The results of Figure 7 show that the scaled-particle ap- 
proximation (Eq. 12) provides a very good approximation to 
the porosity of partially overlapping structures for most values 
of hard-core porosity and fiber growth variable. For large 
values of to and large values of 6, Eq. 12 predicts smaller 
porosities than those found in our simulations, but the ob- 
served differences are in most cases within the standard de- 
viation of our estimates. For 6 = 4  and ~,,=0.9, for instance, 
the difference between our porosity estimate and the prediction 
of Eq. 12 is 4 . 5 7 0 ,  while the standard deviation of our result 
is about 9%. Away from the lower bound of the range of hard- 
core porosities (that is, away from ~ ~ = 0 . 0 9 3 1 ) ,  Eq. 12 over- 
predicts the porosity of partially overlapping fiber structures 
for 6 values smaller than 2, the differences being, in general, 
much larger than the standard deviation of our estimates but 
still relatively insignificant on an absolute scale. The largest 
relative deviations between our results and the predictions of 
Eq. 12 are encountered in the vicinity of the lower bound of 
hard-core porosity, where Eq. 12 tends to  underpredict the 
porosity. This behavior is not surprising since the existence of 
a finite lower bound on E~ is not predicted by Eq. 12. 

The variation of the dimensionless surface area of structures 
of unisized fibers with the porosity is shown in Figure 8. The 
surface areas plotted in the figure are those computed for the 
realizations used t o  obtain the results of Figure 3. They were 
estimated using the dimensionless mean intercept length d / r  
of the fibrous structure and the relationship S r  = 4 d ( d / r ) .  The 
variation of the mean intercept length of the structures of 
Figure 3 with the porosity is shown in Figure 9. The mean 
intercept length was computed as the arithmetic mean of the 
paths between molecule-wall collisions for the molecules used 
in our Knudsen diffusivity computations, with all molecules 
allowed to travel in the void space for the same time. The Sr 
vs. E curve given by Eq. 5a for freely overlapping fibers is 
shown in Figure 8 for comparison. The predictions of Eq. 5a 
were compared with our simulation results in our previous 
study (Tomadakis and Sotirchos, 1991), and excellent agree- 
ment was found to  exist. For nonoverlapping fibers, Eq. 3a 
predicts a linear relationship between S r  and E ,  and as the 
results of Figure 8 show, this relationship is also obeyed by 
the simulation results obtained in our study. However, sig- 
nificant differences are found t o  exist between the computed 
surface areas for partially overlapping fiber structures and 
those predicted by the relationship developed by Rikvold and 
Stell (1985a,b) (Eq. 13). The relative differences between Eq. 
13 and the simulation results appear to  increase with decreasing 
hard-core porosity and increasing densification. Such a be- 
havior is in qualitative agreement with that seen for the porosity 
results of Figure 7. Notice that the internal surface area of 
nonoverlapping fiber structures has a tendency to increase at 
the onset of fiber growth, but the loss of surface area that 
takes place as the fibers start to  grow into each other eventually 
offsets the gain caused by fiber growth. 

The overall structural properties of partially overlapping 
cylinders or disks on a plane were also studied by other in- 
vestigators. Lee and Torquato (1988a) used various simulation 
procedures, including one similar to  that employed here, to  
compute the porosity of structures consisting of partially pe- 
netrable (overlapping) spheres or unidirectional cylinders. Their 
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Figure 8. Internal surface vs. porosity results for the 

structures of Figure 3 and comparison with 
predictions of the scaled-particle approxi- 
mation (Eq. 13). 

results for unidirectional cylinders are in very good agreement 
with those obtained in our study, and the same also holds for 
their conclusions on the predictions of Eq. 12. However, Lee 
and Torquato concentrated their efforts in the region of 6 <  3.3 
and ~ , > 0 . 3 ,  and as a result, they did not encounter underes- 
timation of the porosity by Eq. 12. Smith and Torquato (1988) 
used computer simulation estimates of the slope of the two- 
point matrix probability function to compute the internal sur- 
face area of structures made up by non-, partially, or freely 
overlapping cylinders. Their results were reported in the form 
of S r  vs. E curves for five different values of b (h- '  in their 
notation), and consequently, they are not directly comparable 
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with ours. We used the results of Figure 7 to determine the 
hard-core porosities for the (tJ) pairs used by Smith and Tor- 
quato, and the values of E ,  6, and e0 were then used in Eq. 13 
to find the Sr values predicted by the approximation developed 
by Rikvold and Stell (1985a,b). It was found that the results 
of Smith and Torquato were higher than the predictions of 
Eq. 13 in the low porosity region (by about 7% for the two 
data points they report between 10 and 20% porosity), but 
much better agreement was observed for the results at higher 
porosities. This behavior is in accordance with that observed 
for our results in Figure 8. 

It was pointed out during the discussion of the effective 
diffusivity results that unidirectional fiber structures become 
inaccessible to diffusion perpendicularly to the fibers below 
some porosity level, usually referred to as their percolation 
threshold. A partially overlapping fiber structure that is im- 
permeable to diffusing molecules perpendicularly to the fibers 
is shown in Figure 2. As mentioned before, this structure has 
a hard-core porosity of 45%, that is, the porosity of the non- 
overlapping fiber structure of Figure 1A from which it orig- 
inates, and fiber growth of 25% which is over the 18% level 
at which structures of partially overlapping fibers with 45% 
hard-core porosity become inaccessible, on the average. In 
most practical applications mass transport usually takes place 
perpendicularly to the fibers, and consequently, the percolation 
threshold of unidirectional fiber structures is one of their most 
important structural characteristics. For instance, if the fibrous 
bed is going to serve as a preform in a densification process, 
knowledge of its percolation threshold enables us to obtain a 
good estimate of the minimum achievable porosity. 

The percolation threshold of a unidirectional fiber structure, 
perpendicularly to the fibers, can be approximated by the max- 
imum porosity value at which the corresponding diffusion 
coefficient (Detx ,,) in our notation) is zero. However, a very 
large number of test molecules and very large travel times must 
be employed to obtain an accurate estimate of the percolation 
threshold using this method. Such a method may be the only 
recourse for other types of fiber structures (for example, ran- 
domly oriented), but for unidirectional fiber structures one 
may use a much faster scheme, whose development makes use 
of the fact that in such structures the percolation thresholds 
of the void and solid regions are located at the same porosity 
value. The accessibility of the solid part of the porous medium 
can be studied by using a procedure to identify clusters of 
fibers and determine whether infinitely large clusters spanning 
the space perpendicularly to the fibers are present (Pike and 
Seager, 1974). For the finite unit cell used in our study, ex- 
istence of infinitely large clusters is understood as the situation 
in which clusters that include boundary fibers from a pair of 
opposite faces of the cell, are present. A cluster identification 
scheme was also used by Burganos and Sotirchos (1989b) to 
study the percolation characteristics of unidirectional capil- 
laries overlapping with an assemblage of spherical cavities, 

We used the above described cluster identification procedure 
to locate the percolation thresholds of freely or partially over- 
lapping fiber structures. The unit cells were constructed as 
explained before, and the realizations were sampled as in the 
case of our porosity calculations (Figure 7). Once a nonov- 
erlapping fiber structure was constructed, the fibers were grown 
in discrete steps, and each new structure was checked for the 
existence of infinite clusters of fibers. After a structure with 
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hard-core porosity for partially-overlapping fi- 
ber structures. 

infinite fiber clusters was encountered, smaller growth steps 
were used between this structure and the previous one, and 
the resulting structures were again checked for infinite clusters. 
This process was repeated until the value of the growth variable 
at which formation of infinite clusters first took place, 6,, was 
located within 0.001 Yo. The corresponding porosity threshold, 
E,, was then determined as the probability that a molecule 
introduced randomly in the structure falls in the void space. 
As in all other cases, 224 fibers were used in the computations, 
and for a given hard-core porosity, the percolation threshold 
was computed as the average of 25 realizations. The effect of 
fiber density (per cell) on the computations was investigated 
in detail for the case of freely overlapping fibers in our previous 
study (Tomadakis and Sotirchos, 1991), where it was concluded 
that a population density of the order of 200 fibers per cell 
suffices for a satisfactory estimation of the threshold porosity. 
For 200 fibers per cell, the percolation threshold of randomly 
overlapping fibers for 50 realizations had an average value of 
0.329 and a standard deviation of 0.045. 

Our results for the growth variable at the percolation thresh- 
old, 6,, as a function of the initial (hard-core) porosity, €,,, are 
given in Figure 10, along with (cO, 6,) data compiled from other 
studies of the literature. Each of our 6, values shown in the 
figure is the average of the results for 25 different realizations. 
Test runs for a few cases showed that the average values were 
practically independent of the sample size, in agreement with 
the conclusions for freely overlapping fibers. The standard 
deviation of 6, values of different realizations-all consisting 
of 224 fibers and having the same hard-core porosity-was 
found to be insignificant (less than 1%) for ~,<0.3. At a hard- 
core porosity of 50% this deviation is still small, of the order 
of 3%, but grows to 6% at eO=O.7 and 9% at ~*=0.9.  The 
variation of the threshold porosity, E,, with the initial or hard- 
core porosity, E,,, is shown in Figure 11, where the only anal- 
ogous results found in the literature (Lee and Torquato, 1988b) 

Vol. 37, No. 8 1183 



0.4 

a 
k, 

L" 0.3 
12 
?I s 
8 0.2 

9 

8 0.1 

is 

0 z 
e 

0.0 

p' 
0: Our Results 
0 : Lee and Torquato 

I 1 ' 1 ' 1 '  

0.2 0.4 0.6 0.8 
HARD CORE POROSITY, c0 
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are also shown. Actually, it is the three data points Gf Figure 
1 1  that we have plotted in Figure 10, after using the results of 
a previous study of the authors (Lee and Torquato, 1988a) to 
convert them to the (E,,, 6,) form. 

Pike and Seager (1974) used a cluster identification method 
to obtain the results they reported. They worked with samples 
of 400-1,000 disks on a plane and averaged over 8-22 reali- 
zations. They observed weak dependence of the average 6, on 
the sample size but decreasing standard deviation with increas- 
ing sample size. Bug et al. (1985) obtained their results by 
applying a Monte Carlo simulation method to examine the 
effects of particle interactions on the percolation thresholds 
of structures consisting of sphericaI or unidirectional cylin- 
drical, partially permeable particles. Finally, the results of Lee 
and Torquato (198813) were obtained using simulation results 
for pair-connectedness and mean cluster size in structures of 
partially penetrable spheres or unidirectional cylinders. Lee 
and Torquato presented results for different sample sizes, 
which, in agreement with our and Pike and Seager's results, 
suggest there is no need for more than 200 fibers per cell to 
obtain a satisfactory estimate of the percolation threshold. 

It should be pointed out that periodic boundary conditions 
were used in the construction of the finite samples used in our 
percolation studies and the other studies of the literature. We 
investigated the effect of boundary conditions by carrying out 
cluster identification studies on unit cells that did not include 
boundary fibers from neighboring cells. The average threshold 
value of the growth variable was about 0.4% higher in the 
absence of boundary conditions, while its standard deviation 
practically remained the same as that for cells with periodic 
boundary conditions. 

In addition to the above mentioned studies, some studies 
have focused on the derivation of approximations for the per- 
colation threshold of interacting disks on a plane. Such ap- 
proximations are usually successful in predicting the qualitative 
behavior of 6, as a function of E,,, but they exhibit significant 
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quantitative differences from the results of Monte Carlo sim- 
ulation studies, especially for low hard-core porosities (Stauf- 
fer, 1985). For instance, Odagaki and Lax (1987) used the 
coherent medium approximation to obtain a theoretical result, 
which could be transformed to a relation between the 6, and 
E,, variables defined in our study. However, their approach 
does not predict the lower limit on the porosity of structures 
of nonoverlapping fibers (eoCp = 0.0931), and it overestimates 
6, by a significant amount (e.g., by about 50Vo for ~, ,=0.35 
and 25% for e,=0.80). 

The densification level at which a fibrous bed of unidirec- 
tional fibers becomes inaccessible to diffusion perpendicularly 
to the fibers is a very important structure characteristic, but 
for practical applications, one should also knob the variation 
of the inaccessible porosity with the extent of densification. 
Accessible porosity vs. total porosity results for the three values 
of hard-core porosity considered in Figure 3 and for a structure 
of freely overlapping fibers (Tomadakis and Sotirchos, 1991) 
are shown in Figure 12. Accessible porosities were determined 
by using the molecular trajectory computations to determine 
the fraction of molecules travelling in isolated regions of the 
pore space. The details of the procedure used for this com- 
putation, as well as its limitations, are described in some detail 
by Tomadakis and Sotirchos (1991). As in our previous study, 
very large travel times (more than 2x lo5 molecule-wall col- 
lisions) were used near the percolation thresholds. The behavior 
of the accessible vs. total porosity curves of partially overlap- 
ping fibers is similar to that of a freely overlapping fiber struc- 
ture. In all cases, formation of inaccessible pore space starts 
and ends within a very narrow range of porosity. It was men- 
tioned during the presentation of the results for the percolation 
threshold that for a sample size of about 200 fibers, the average 
percolation threshold presents a relative standard deviation of 
about 13%. Therefore, to obtain accessible porosity results 
representative of the average behavior of the system, it was 
decided to work with fiber structures that become inaccessible 
at the average porosity level found, for each E,,, from our cluster 
identification studies. 
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Summary and Conclusions 
A numerical investigation of the Knudsen diffusion and 

percolation behavior of porous structures consisting of par- 
allel, nonoverlapping or partially overlapping fibers was car- 
ried out. The construction of the finite unit cells employed in 
our simulation studies was accomplished using a scheme based 
on the Metropolis Monte Carlo simulation method. Partially 
overlapping fiber structures were constructed from structures 
of nonoverlapping fibers through fiber growth and effective 
diffusivities were computed using the mean square displace- 
ment of molecules travelling in the porous medium for large 
times. The mean square displacement was determined using a 
Monte Carlo simulation process based on following the tra- 
jectories of a large number of molecules, each travelling in- 
dependently, introduced randomly in the unit cell of the fibrous 
bed. Using a method proposed by Burganos and Sotirchos 
(1989c), the computed molecular trajectories were also used 
to obtain estimates of the accessible porosity and accessible 
internal surface area of the structures. Appropriate boundary 
conditions were used to construct periodic unit cells and thus 
be able to obtain diffusivity results representative of the infinite 
medium. Ability to work in an infinite medium is essential for 
obtaining accurate estimates of the mean square displacement 
and, hence, of the effective diffusion coefficient. 

Our results showed that fibrous structures consisting of non- 
overlapping fibers exhibit lower diffusivities parallel to the 
fibers but higher in directions perpendicular to them than struc- 
tures made of freely overlapping fibers of the same radius and 
porosity. Structures of partially overlapping fibers show be- 
havior intermediate to those of the two extreme cases. The 
observed differences among the diffusivities of non-, freely, 
and partially overlapping fiber structures decrease as the po- 
rosity increases and the extent of fiber overlapping is reduced, 
vanishing as the porosity approaches unity. The tortuosity 
factor with respect to the Knudsen diffusion coefficient based 

unity. The results of our cluster identification studies were in 
agreement with those suggested by our effective diffusivity 
measurements and with the results of other studies of the 
literature. 

As the porosity decreases (because of a densification process, 
for example), formation of inaccessible porosity perpendicu- 
larly to the fibers in partially or freely overlapping fiber struc- 
tures starts and becomes completed within a very narrow range 
of porosity. Consequently, the accessible porosity and internal 
surface area may be approximated, for most practical pur- 
poses, by the total values of porosity and surface area in the 
porosity range above the percolation threshold. The computed 
values of total porosity and internal surface area of nonov- 
erlapping or freely overlapping fiber structures were in excel- 
lent agreement with the theoretically predicted values, 
indicating that the finite samples used in our simulations were 
statistically representative of the infinite media. The variation 
of the porosity and surface area of partially overlapping struc- 
tures with the hard-core porosity and fiber growth was found 
to be in good qualitative agreement with that predicted by 
approximations derived by Rikvold and Stell (1985a,b). The 
quantitative agreement was also good, and in some cases ex- 
cellent, for large total and hard-core porosities, but significant 
quantitative differences existed for the surface area in the low 
porosity region. 
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Notation 
n = side of the cubic unit cejl, m 
2 = mean intercept length (d=  4dS),  m 

D ( r )  = Knudsen diffusivity in a cylindrical capillary of radius r,  
on the average pore radius ? = 2 d S  is almost constant for 
diffusion parallel to the fibers regardless of the extent of fiber 
overlapping, having an average value of about 0.55, that is, 
the same as in the case of freely overlapping fibers (Tomadakis 
and Sotirchos, 1991). For diffusion perpendicularly to the fi- 
bers, on the other hand, the tortuosity factor increases with 
decreasing porosity from a minimum value corresponding to 
the upper bound on the effective diffusivity that is derived 
through variational principles (Faley and Strieder, 1987), and 
diverges to infinity as the percolation threshold of the fibrous 
bed (that is, the porosity level below which the pore space of 
the sample is inaccessible to diffusion perpendicularly to the 
fibers) is approached. 

Because of the importance of the percolation threshold of 

m’/s 
0, = effective diffusivity, m2/s 

I ,  = length of axes per unit volume of fiber of radius r,, m/m3 
r = fiber radius, m 

r, = hard-core radius, m 
7 = average pore radius (7= 2t/S), m 
S = internal surface area, m2/rn3 
V = mean thermal speed of the molecules, m/s 

Greek letters 
6 = fiber growth variable (6 = r/r,) 
c = porosity 

e,, = hard-core porosity 
q = tortuosity factor 

7 = travel time, s 
( t 2 )  = mean square displacement, m2 

a fibrous bed in practical applications, a simulation method 
based on the identification of clusters of fibers in the unit cell 
of the structure was used for its more accurate estimation. Our 
results showed that the percolation threshold of partially over- 
lapping fibrous structures decreases with decreasing hard-core 
porosity, i.e., the porosity of the structure made of the non- 
overlapping fiber cores, varying in the range [0.0931, 0.331. 
The lower bound is the porosity of a closely packed triangular 
array of nonoverlapping fibers-where threshold porosity is 
equal to the hard-core porosity-while the upper bound cor- 
responds to the percolation threshold of a structure of freely 
overlapping fibers-where the hard-core porosity is equal to 

Subscripts 
0 = initial (hard-core) structural properties 

p = structural properties at the onset of percolation 
ocp = ordered close packing of fibers 

rcp = random close packing of fibers 
x, y ,  z = x-, y- or z-direction 
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